In this paper, we consider a relation between k-way expansion constant of a finite graph and the expansion constants of subgraphs in a k-partition of the graph. Using this relation, we show that a sequence of finite graphs which have uniformly bounded k + 1-way expansion constants and uniformly bounded degrees can be divided into k or less sequences of expanders. Furthermore, we prove that such sequence of finite graphs is not coarsely embeddable into any Hilbert space.
Introduction
We assume graphs are non-oriented, don't have loops and multiple edges.
Let G = (V, E) be a finite graph in what follows. For a graph H, V H denotes the vertex set of H and E H denotes the edge set of H if they are unspecified. The expansion constant of G is h(G) := min where ∂F is the set of the edges connecting F and V − F . The expansion constant of a graph represents a strength of connection of the graph. Lee-Gharan-Trevisan [ LGT] generalized expansion constant as h k (G) := min max i=1,2,...,k
We call it the k-way expansion constant of G. Note that h 1 (G) = 0 and h 2 (G) = h(G).
The k-way expansion constant has the property that for each k ≥ 2, h k (G) = 0 and h k+1 (G) > 0 if and only if the number of connected components of G is k. Moreover, if the number of connected components of G is k, then h k+1 (G) = min i=1,2,...,k h(G i ) where G i 's are connected components of G. We consider such a property for k-partitions of G. An induced subgraph of G is a graph H satisfying V H ⊂ V and E H = {xy ∈ E : x, y ∈ V H }. Hence an induced subgraph is determined by its vertex set. A k-partition of G is a family of induced subgraphs {G i = (V i , E i )} k i=1 such that V is the disjoint union of V i 's. We can easily show that min i=1,2,...,k h(G i ) ≤ h k+1 (G) for any k-partition {G i } k i=1 of G (Lemma 1). In section 2, we prove that if h k+1 (G)/3 k+1 > h k (G) for some k, then there is a k-partition
(Theorem 2). A sequence of expanders has an important role in computer science, group theory, geometry and topology (cf. [HLW06] ). A sequence of expanders is a sequence of finite graphs {G n = (V n , E n )} ∞ n=1 such that (i) lim n→∞ |V n | = ∞;
Here the degree deg(x) of x ∈ V is the number of edges such that x is an end point of it, and deg(G) is the maximum number of the degrees. It is natural to consider more general sequence of finite graphs (a sequence of multi-way expanders) {G n = (V n , E n )} ∞ n=1 with the following conditions:
In section 3, we prove that such a sequence of finite graphs can be divided into k or less sequences of expanders (Corollary 4).
We can endow a graph G with the path metric d G (x, y) between vertices x and y, which is the minimum number of edges connecting x and y. It is well-known that a sequence of expanders is not coarsely embeddable into any Hilbert space (cf. [MN] ). Here the coarse embeddability (also referred to as uniform embeddability) is an embeddability between metric spaces, which was introduced by Gromov in [Gro93] , and will be defined in section 5. It is shown by Yu in [Yu00] that if an infinite graph with bounded degree is coarsely embeddable into a Hilbert space, then the graph satisfies the coarse Baum-Connes conjecture. An infinite graph which is not coarsely embeddable into any Hilbert space is an obstruction to verify the coarse Baum-Connes conjecture using Yu's result. It is easy to see that if a sequence of expanders is coarsely embeddable into an infinite graph, then the infinite graph is not coarsely embeddable into any Hilbert space. On the other hand, in section 5, we prove that a sequence of graphs with uniformly bounded degrees which has a sequence of expanders as subgraphs is not coarsely embeddable into any Hilbert space. Using this, we show that a sequence of finite graphs satisfying (i), (ii) and (iii)' is also not coarsely embeddable into any Hilbert space.
The eigenvalues of the Laplacian on a graph is also an important constant of the graph. The Laplacian ∆ G is an operator on R V defined by
for f ∈ R V and x ∈ V , where R V is the set of the real-valued functions on V . Let λ 1 (G) ≤ λ 2 (G) ≤ · · · ≤ λ |V | (G) denote the eigenvalues of ∆ G according to largeness. It is known that λ k (G) = 0 and λ k+1 (G) > 0 if and only if the number of connected components of G is k. This suggests that eigenvalues of the Laplacian also represents some strength of connectivity of the graph, so λ 2 (G) is called the algebraic connectivity of G. We can also easily show that [Dod84] , (cf. [DSV03] ) that the expansion constant is estimated above and below using λ 2 (G):
As the generalization of this inequality, Lee-Gharan-Trevisan [LGT] prove that there is a constant C > 0 such that
for every connected graph G and every k = 1, 2, . . . , |V |, where their original statement is described using the eigenvalues of the normalized Laplacian on a graph and weighted k-way expansion constants, and it doesn't need the connectivity of the graph and we can omit the dependence on deg(G). Using their result, we obtain that a sequence of finite graphs {G n = (V n , E n )} ∞ n=1 with the following conditions can be divided into k or less sequences of expanders:
A similar result for Riemannian manifolds was given by Funano and Shioya [FS] : A sequence of closed weighted Riemannian manifolds whose k + 1-th eigenvalues diverges to ∞ is a union of k Lévy families.
Partitions and k-way expansion constants
For an induced subgraph H of G, G − H denotes the induced subgraph of G whose vertex set is V − V H , and we call it the complement subgraph of H in G. For an induced subgraph H 1 of G and an induced subgraph
The number of the sets V i,j such that |V i,j | > |V i |/2 is not larger than k. So there is j 0 such that |V i,j 0 | ≤ |V i |/2 for all i = 1, 2, . . . , k. And there is i 0 such that
Hence we have
Proof. We divide G into k induced subgraphs inductively.
(i) Take an induced subgraph H 0 of G such that
and set
In this manner, we inductively divide an undivided induced subgraph with the minimum expansion constant among the undivided induced subgraphs in {H a 1 a 2 ...an }, into an induced subgraph which attains the expansion constant and the complement subgraph. Repeat this procedure until the number of the undivided induced subgraphs in {H a 1 a 2 ...an } becomes k. Consequently we divided G into k induced subgraphs, and we have sequences of induced subgraphs
denotes the set of the undivided induced subgraphs in {H a 1 a 2 ...an }, then
is a partition of G. We will show that this partition satisfies the inequalities (4). For 
Hence we obtain
By the definition of H (s) ,
Using (5) and (6), an easy computation implies
On the other hand, from the inequality (3), h(
To show the second inequality in (4), we divide again an induced subgraph
with the minimum expansion constant among {G i } k i=1 , into an induced subgraph which attains the expansion constant and the complement subgraph. Consequently we divided G into k + 1 induced subgraphs, we denote it as
. Then we can prove max i=1,2,...,k,k+1
Sequence of multi-way expanders
A sequence of multi-way expanders is a sequence of finite graphs
Example 3. For sequences of expanders {G i n } ∞ n=1 (i = 1, 2, . . . , k), let {G n = (V n , E n )} ∞ n=1 be a sequence of finite graphs such that sup n∈N deg(G n ) < ∞ and {G i n } k i=1 is a k-partition of G n for each n. Then using Lemma 1, inf n∈N h k+1 (G n ) > 0, and hence {G i n } k i=1 is a sequence of multi-way expanders.
Corollary 4. Let {G n } ∞ n=1 be a sequence of multi-way expanders. Then there are an subsequence {G m } ∞ m=1 of {G n } ∞ n=1 and induced subgraphs H m of G m for all m such that {H m } ∞ m=1 is a sequence of expanders.
Furthermore, if each graph in {G n } ∞ n=1 is connected, then there are k ∈ N, an subsequence
are sequences of expanders for all i = 1, 2, . . . , k.
Proof. For a sequence of multi-way expanders
Theorem 2 implies that for each m ∈ N there exists a partition 
Hence {H i m } ∞ m=1 are sequences of expanders for all i = 1, 2, . . . , k.
Second smallest eigenvalues of the Laplacian of induced subgraphs in a partition
Using the result by Lee-Gharan-Trevisan, we have the following theorem, which is a similar result of Theorem 2.
where C is a constant in the inequality (2) in the result by Lee-Gharan-Trevisan, then there exists a k-partition
On the other hand, not using the result by Lee-Gharan-Trevisan, we have a similar result of Lemma 1. Give inner products on R V by f, g := x∈V f (x)g(x) for f, g ∈ R V , and on R E by a, b := e∈V a(e)b(e) for a, b ∈ R E . Let f := f, f for f ∈ R V and a := a, a for a ∈ R E . Define d : R V → R E by df (xy) := |f (x) − f (y)| for f ∈ R V and xy ∈ E. Then ∆ G f, f = df 2 for f ∈ R V , and consequently
where L k is a k-dimensional subspace of R V .
Lemma 6. For any partition {G
Proof. Let ψ 0 :≡ 1 be a constant function on V , which is an eigenfunction of λ 1 (G). Let ψ i be a function on V defined by
0 otherwise for i = 1, 2, . . . , k − 1. Since the functions ψ i are perpendicular to each other, the subspace
5 Coarse non-embeddability of sequences of higher order expanders
. A sequence of metric spaces {X n } ∞ n=1 is said to be coarsely embeddable into a sequence of metric space {Y n } ∞ n=1 if there exist two non-decreasing functions ρ 1 and ρ 2 on [0, +∞) and maps {f n : y) ) for all x, y ∈ X n and n;
(ii) lim r→∞ ρ 1 (r) = +∞.
In particular, for a metric space Y , if Y n = Y for all n and {X n } ∞ n=1 is coarsely embeddable into {Y n } ∞ n=1 , then {X n } ∞ n=1 is said to be coarsely embeddable into Y . Furthermore, if for a metric space X, if X n = X for all n and {X n } ∞ n=1 is coarsely embeddable into Y , then X is said to be coarsely embeddable into Y .
We can endow a graph G with the path metric d G (x, y) between vertices x and y which is the minimum number of edges connecting x and y. If a sequence of expanders is coarsely embeddable into a metric space, then the metric space is not coarsely embeddable into any Hilbert space. But a sequence of graphs into which a sequence of expanders is embedded as subgraphs may be coarsely embeddable into a Hilbert space. For example, for a sequence of expanders {H n } ∞ n=1 , let G n = (V n , E n ) be V n = V Hn ∪ {x} and E n = E Hn ∪ {xy : y ∈ V Hn }, then {G n } ∞ n=1 is coarsely embeddable into a Hilbert space. However we obtain Proposition 8. Let {G n = (V n , E n )} ∞ n=1 be a sequence of graphs with sup n∈N deg(G n ) < ∞. If {G n } ∞ n=1 has a sequence of induced subgraphs H n of G n such that {H n } ∞ n=1 is a sequence of expanders, then {G n } ∞ n=1 is not coarsely embeddable into any Hilbert space.
The proof is about the same of the proof of the fact that a sequence of expanders is not coarsely embeddable into any Hilbert space (cf. [MN] ).
Proof. Assume {G n } ∞ n=1 is coarsely embeddable into a Hilbert space H. Then there exist two non-decreasing functions ρ 1 and ρ 2 on [0, +∞) and maps f n : G n → H such that y) ) for all x, y ∈ G n and n;
(ii) lim r→∞ ρ 1 (r) = +∞, where d Gn is the path metric on G n . From the assumption in the theorem, there exists a constant C > 0 such that 
The Hilbert space H can be represented as L 2 (Ω, µ) by some measure space (Ω, µ). Translating the functions f n (·)(z) parallel we may assume x∈V f n (x)(z) = 0 for each z ∈ Ω, which means f n (·)(z) is perpendicular to constant functions on V . Thus we have
2 where is the norm on H. This implies
We will show the left hand side diverges to ∞ as n → ∞. Let B x (r) := {y ∈ V n : d Gn (y, x) ≤ r} for x ∈ V n and r ≥ 0. For each x ∈ V Hn ,
Let r n := (log deg(Hn) |V Hn |)/2 − 1, then r n → ∞ as n → ∞. We get
for large n. Therefore
as n → ∞. This is a contradiction.
Using this proposition and Corollary 4, we obtain
Corollary 9. A sequence of multi-way expanders is not coarsely embeddable into any Hilbert space.
Remark 10. Whatever a sequence of connected finite graphs is not coarsely embeddable into any Hilbert space, it may not be a sequence of multi-way expanders. For example, let {H n } ∞ n=1 be a sequence of expanders. Pick up points x n and y n in each H n arbitrarily. Let {G n = (V n , E n )} ∞ n=1 be a sequence of graphs such that V n := ∪ n m=1 V Hm and E n := ∪ n m=1 E Hm ∪ {x m y m−1 : m = 2, 3, . . . n}. The sequence {G n } ∞ n=1 satisfies the assumption of Proposition 8, hence it is not coarsely embeddable into any Hilbert space. On the other hand, for even n ∈ N and for m = 1, 2, . . . n, define f m : Hence λ k (G 2n ) converges to 0 as n → ∞ for any k ∈ N.
Beside Proposition 8, we have Proposition 11. Let {G n } ∞ n=1 be a sequence of graphs which has a sequence of induced subgraphs H n of G n such that {H n } ∞ n=1 is a sequence of expanders. If |∂V Hn |/|V Hn | → 0 as n → ∞, then {G n } ∞ n=1 is not coarsely embeddable into any Hilbert space. Proof. As the proof of Proposition 8, it is only necessary to show |{(x, y) ∈ V 2 Hn : d Gn (x, y) > r n }| ≥ |V Hn | 2 /2 for large n, for some {r n } ∞ n=1 with r n → ∞ as n → ∞. Let F n := {x ∈ V Hn : xy ∈ ∂V Hn for some y} and W n (r) := ∩ y∈Fn {x ∈ V Hn : d Gn (y, x) > r}. Then W n (r) = ∩ y∈Fn {x ∈ V Hn : d Hn (y, x) > r}.
Let W n (r, z) := {w ∈ W n (r) : d Gn (z, w) > r} for z ∈ W n (r). Then 
